A model-based LQR method for controlling vibrations in cylindrical shells is presented. Surface-mounted piezoceramic patches are employed as actuators which leads to unbounded control input operators. Modi ed Donnell-Mushtari shell equations incorporating strong or Kelvin-Voigt damping are used to model the system. The model is then abstractly formulated in terms of sesquilinear forms. This provides a framework amenable for proving model wellposedness and convergence of LQR gains using analytic semigroup results combined with LQR theory for unbounded input operators. Finally, numerical examples demonstrating the e ectiveness of the method are presented.
Introduction
The use of shell models to describe structural dynamics is pervasive in applications ranging from noise reduction in aircraft to ow control in exible pipes. While general shell equations can be used in a variety of geometries, they all share the property that component displacements are coupled due to the geometry. This leads to signi cant challenges when developing appropriate models and approximation techniques, and constructing e ective controllers.
In this paper, we consider cylindrical shells due to their prevalence in applications. Control is provided by piezoceramic patches bonded in pairs to the surface of the shell. These transducers provide signi cant actuating capabilities due to the piezoelectric e ect in which input voltages generate strains in the patches. Utilization of the converse piezoelectric e ect (strains produce voltages) also allows the patches to be employed as sensors. When combined with their light weight, space e ciency and reasonable cost, these properties make the patches highly e ective control elements in a variety of applications. From a mathematical perspective, the use of surface-mounted piezoceramic patches leads to unbounded control input operators.
Experimental work has already demonstrated the potential for success when employing the patches as actuators in applications involving cylindrical shells 8, 13] . However, these initial investigations have not, in general, utilized the full potential of the patches due to limitations in hardware, models, approximation techniques and control laws. For example, a common means of calculating control gains is through the use of modal expansions 10]. However, closed form expressions for the modes can be determined only for a limited set of models with severely restrictive boundary conditions. The use of incorrect modes when calculating control gains can lead to loss of control authority and possible controller instabilities. Hence for most physical shell models, modes must rst be accurately approximated if modal methods are employed for control design.
In this paper, we present a model-based method for controlling shell vibrations. For simplicity, the Donnell-Mushtari shells equations with Kelvin-Voigt damping are used as a model (the assumption of strong or Kelvin-Voigt damping is reasonable and typical for many shell materials such as aluminum). The methods are general, however, and can be applied to higher-order models (e.g., Byrne-Fl ugge-Lur'ye model) if the application warrants. A general Galerkin method based on splines is then used to discretize the in nite dimensional system (see 7] for details regarding the numerical method and a comparison with nite element methods for shells). Through the choice of basis, the method is constructed to be exible with regard to the boundary conditions and material nonhomogeneities which arise in typical applications. Furthermore, development of the model and approximation method in terms of a weak or energy formulation facilitates consideration of the distributional derivatives which arise when including patch contributions in the model. This provides a setting suitable for direct simulations and control design as well as computation of frequencies and modes for the shell.
The model and approximate system are then employed in an LQR full state feedback theory to obtain feedback gains and, ultimately, controlling voltages to the patches. While full state measurements are not available using current instrumentation, and hence the techniques cannot directly be implemented in experiments, they provide an important rst step in the design of e ective compensators based on state estimates calculated using a limited number of observations (see 5]). The consideration of the LQR performance also illustrates properties of the system and model-based control techniques and facilitates investigations regarding issues 1 such as patch number and con guration. Finally, the consideration of the problem provides a step toward the development of model-based controllers for fully coupled structural acoustic and uid/structure systems involving cylindrical shells.
The strong and weak forms of the Donnell-Mushtari shells equations are outlined in Section 2. In presenting this model, care is taken to include both passive (material) and active (actuator) contributions due to the patches. An abstract form of the model, based on sesquilinear forms, is also presented. This provides a natural setting to prove model well-posedness and convergence properties of the LQR control law. LQR full state feedback laws for systems with no exogenous force or forces which are periodic in time are presented in Section 3. In the former case, convergence of the approximate suboptimal gains to the optimal gains for the in nite dimensional system is proven using analytic semigroup theory in combination with LQR results for unbounded control input operators. A Fourier-Galerkin method for approximating the system dynamics is outlined in Section 4, and the e ectiveness of the LQR method for periodic forces is demonstrated through a numerical example in Section 5. This example demonstrates that through the use of the model-based methodology with general Galerkin approximations, signi cant attenuation in shell vibrations can be obtained using piezoceramic patches.
PDE Model
The system under consideration consists of a thin cylindrical shell with surface-mounted piezoceramic patches. It is assumed that the patches are mounted in pairs with edges aligned with the circumferential and longitudinal axes of the shell. The edges of the shell are taken to be xed in accordance with common experimental clamping techniques. To specify the geometry for the corresponding model, we consider the longitudinal direction to be aligned along the x-axis as depicted in Figure 1 . The displacements of the middle surface in the longitudinal, circumferential and transverse directions are denoted by u, v and w, respectively while the length, thickness and radius of the shell are denoted by`; h; R. The region occupied by the middle surface is denoted by ? 0 . Finally, the shell is assumed to have mass density , Young's modulus E, Poisson ratio , Kelvin-Voigt damping coe cient c D and air damping coe cient . ; delineates the sense of the forces generated by the i th pair. The symmetry of the function arises from the property that for homogeneous patches having uniform thickness, equal but opposite strains are generated about the point x i ; i = ((x 1i + x 2i )=2; ( 1i + 2i )=2). To characterize the external or active patch contributions, it is typical to start with the assumption that the strains generated by a patch are proportional to the applied voltage 3]. Since di ering voltages can be applied to the outer and inner patches in the pair, we will di erentiate between the two with V i1 (t) and V i2 (t) used to denote the voltages to the outer and inner patches in the i th pair, respectively. The proportionality constant relating the generated strain to the input voltage is designated by d 31 . As detailed in 3], the total external moments and forces generated by the patches are the expressions (2.4) provide the input from the patches when voltages are applied. Finally, the xed-edge boundary conditions u = v = w = dw @x = 0 ; x = 0;`(2.5) are used to model the end behavior of the shell. These boundary conditions are appropriate for experimental setups in which heavy endcaps prevent edge movement. Note that alternative boundary conditions such as simply supported or \almost xed" (see 4]) can be employed if edge movement is suspected.
Strong Form of the Modeling Equation

Weak Form of Modeling Equations
The strong form (2.1) of the modeling equations requires rst and second derivatives of the moment and force resultants. As noted in (2.2) and (2.4), both the internal and external moment and force resultants are discontinuous due to the piezoceramic patches. Hence formal analysis and approximation using the strong form of the modeling equations lead to di culties due to di erentiation of Dirac distributions.
To alleviate these di culties, it is advantageous to consider a weak form of the modeling equations which can be derived from Hamilton's principle (energy considerations). While equivalent to the strong form under suitable smoothness assumptions, the weak form provides a more natural setting for analysis and approximation.
The To obtain a strong form of the rst-order system which is appropriate for control purposes, consider the system operator 
LQR Control Problem
In the last section, the PDE system modeling the dynamics of the thin shell with surfacemounted piezoceramic actuators was written in the abstract rst-order form _ z(t) = Az(t) + Bu(t) + g(t)
z(0) = z 0 in V . In this section, LQR control results for both the original in nite dimensional problem and approximating nite dimensional problems will be discussed. Two cases will be considered, namely when g 0 and g is periodic in time. In both cases, it is assumed that state observations in an observation space Y have the form z ob (t) = Cz(t)
where C 2 L(H;Y ) is bounded. The assumption that C is bounded is made to simplify the exposition and the reader is referred to 2] for arguments pertaining to the case of unbounded observation operators.
No Exogenous Input
For the case in which g 0, the in nite horizon problem concerns the determination of a control u which minimizes the quadratic cost functional J(u; z 0 ) =
subject to _ z(t) = Az(t) + Bu(t)
The positive, self-adjoint operator R is used to weight various components of the control. For implementation purposes, it is necessary to de ne an approximate system and controls, and determine convergence criteria for these approximate controls when fed back into the in nite dimensional system. The approximations are considered in a Galerkin framework A 2 is compact on V since it is formed from the product of compact and bounded linear operators. Finally, the exponential stability of T (t), the stabilizability of (A; B) and the detectability of (A; B) are guaranteed by Theorem 1. The hypotheses of Theorem 3 are then satis ed for this system and one obtains uniform bounds on the approximating semigroups. The convergence of the Riccati and control operators is then obtained from Theorem 4.
Periodic Exogenous Input
A reasonable assumption in many mechanical systems is that g is periodic in time with period . The system to be controlled in this case is _ z(t) = Az(t) + Bu(t) + g(t)
z(0) = z( ) (3.5) and an appropriate quadratic functional to be minimized is
Note that the periodic exogenous term g can be used to model inputs such as noise generated by rotating engine components (e.g., propellers or turbines) or periodic electromagnetic disturbances.
To guarantee the existence of a unique Riccati solution and control for the system (3. z(0) = z( ) ; then the optimal control is given by u(t) = ?R ?1 B z(t) ? r(t)] : (3.6) The LQR theory for this case is less complete than that for systems with no exogenous input and is currently limited to bounded control inputs B. The synthesis of the theory for unbounded input operators and periodic exogenous forces is currently under investigation. The e ectiveness of the method is illustrated in the nal example of this work. . This system forms the constraint equations used in the nite dimensional LQR theory discussed in Section 3.
Approximation Method
Numerical Example
We consider here an exogenous force g which is periodic in time with period = 1000 (500 Hz). The distribution of the force was taken to be binormal in the transverse and longitudinal directions and centered at (x; ) = (`=2; 0) and (x; ) = (`=2; ) as depicted in Figure 2 . The magnitude of the transverse componentq n was one hundred times that of the longitudinal componentq x so as to model an input consisting primarily of acoustic sources located adjacent to (`=2; 0) and (`=2; ).
Six pairs of piezoceramic patches of length 1 cm and radial measure =3 were employed as actuators. The locations and material properties of the patches along with the dimensions and physical parameters for the shell are summarized in Table 1 .
To accommodate the periodic exogenous force g, control inputs to the twelve patches were computed using the feedback law (3.6). Note that in this formulation, independent voltages are determined for the individual patches. This provides the capability of generating both inplane forces and bending moments in the regions covered by the patches so that longitudinal, circumferential and transverse vibrations can be controlled.
Time histories of the uncontrolled and controlled shell displacements at the point p 1 = (3`=4; =32), depicted in Figure 2 , are plotted in Figure 3 . The open loop trajectories exhibit both a transient response settling into steady state and a beat phenomenon due to the close proximity of the driving frequency and natural frequencies for the shell. At this observation 14 point, all three displacement components are reduced by more than 90% when controlling voltages are fed back to the patches. To illustrate the spatial attenuation due to the feedback of voltages to the patches, root mean square (rms) plots of the uncontrolled and controlled trajectories along the axial line L 1 and circumferential line L 2 (see Figure 2 ) are plotted in Figure 4 and 5, respectively. For the open loop case, these plots illustrate a standing wave in all three components of the displacement (the slight asymmetry in the axial plots is due to the longitudinal inputq x ). The gures also demonstrate signi cant reductions in all three displacement levels, even in regions not covered by patches. This further illustrates the e ectiveness through which the model-based control law can be used to attenuate shell vibrations. Table 1 . Dimensions and physical parameters for the shell and patches.
Conclusions
A model-based LQR method for controlling shell vibrations has been presented here. While developed in the context of a modi ed Donnell-Mushtari cylindrical shell model, the method is quite general and can be directly extended to other models and geometries. Under the assumption of strong or Kelvin-Voigt damping (a reasonable and typical assumption for many shell materials), model well-posedness and convergence of control gains is obtained using analytic semigroup theory combined with LQR results for unbounded input operators. The Galerkin method used to approximate the system dynamics utilizes bases constructed from tensored Fourier polynomials and modi ed cubic splines. As discussed in 7], care must be taken when developing methods for approximating shell dynamics so as to avoid shear or membrane locking. One manifestation of locking is the existence of model dynamics which are incorrectly approximated by the numerical method. The use of a numerical method which exhibits locking can lead to a loss of control authority and potential controller destabilization if the approximations are su ciently inaccurate. Further details regarding issues concerning the approximation of shell dynamics and convergence properties of the numerical method can be found in 7] .
The numerical example demonstrates the e ectiveness of the model-based control method for attenuating all three components of the shell displacement in the presence of both transient and steady state dynamics. Furthermore, by modeling the global shell dynamics and patch interactions through coupled PDE and constructing the control law in terms of these PDE, signi cant reductions in displacement levels throughout the shell are obtained, even in regions devoid of patches. Numerical implementation of the LQR method in this manner provides a rst step toward the development of model-based state estimators and compensators which can be experimentally implemented in shell applications.
